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TENSOR PRODUCT VARIETIES
AND CRYSTALS: GL CASE

ANTON MALKIN

ABSTRACT. A geometric theory of tensor product for gl-crystals is described.
In particular, the role of Spaltenstein varieties in the tensor product is ex-
plained, and thus a direct (non-combinatorial) proof of the fact that the num-
ber of irreducible components of a Spaltenstein variety is equal to a Littlewood-
Richardson coefficient (i.e. certain tensor product multiplicity) is obtained.

0. INTRODUCTION

0.1. Given a partition A of an integer k into N parts (zero parts allowed) one
can associate to it various mathematical objects. Three of them are of particular
interest to the representation theory: a nilpotent orbit Oy in End. C* (consisting
of operators with the Jordan form given by A), an irreducible polynomial represen-
tation L(A) of GLy (with the highest weight X), and an irreducible representation
px of the symmetric group Sy over C (defined via the idempotent ey in the group
algebra CSy). The goal of the geometric representation theory in this context is to
exploit the relation between nilpotent orbits and representations of Sy and G L.

0.2. Lett € Oy (i.e. tis a nilpotent operator in C* with Jordan form \), and

let ', ..., ! be partitions of integers k',... k! into N parts each. Assume that
k'+...+k! =k, and consider a variety &;((u!,. .., u!), \) of all I-step partial flags
in C*F with dimensions of the subfactors given by k', ... , k' and such that ¢ preserves

each subspace in the flag, and when restricted to the subfactors it defines operators
with the Jordan forms given by ', ..., ul. & ((ut, ..., uh), \) is called Spaltenstein
variety. It is proven by Spaltenstein (cf. [Spa82, I1.5]) that &;((u!,... ,u!),\) has
pure dimension. Let S;((u',...,u'),\) be the set of irreducible components of
Si((pt, ..., pb), ). Tt follows from a theorem of Hall [Hal59] (see also [Mac95]
Chapter II]) that the cardinal of S;((u}, ..., u!),\) (i.e. the number of irreducible
components of &;((u!,...,ul),\) is equal to the multiplicity of the representation
Ly of GLy in the tensor product L ®...® L -

(0.2.a) ISi((1h, ..., pub), N)| = dim, Homegy (Lt ® ... ® Ly, L),
or to the multiplicity of p,1 ® ... ® p,u in the restriction of py to Sp1 x ... x Sp:

(0.2.b)
|Sl((M17 cee 7#1)7 >‘)| = dimc Homsk1 XX S (pll«l ®...Q pp,lv reS?,zl oS P,\) .
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The right hand sides of (IZa)) and (02D are equal due to Schur-Weyl duality,
and either equality can be derived by combinatorial means (for example from the
Littlewood-Richardson Rule — cf. [Mac95, Chapter II]). However it is interesting
to understand the geometric meaning of (IZd) and ([0.2.b) (i.e. to find the role of
the variety &;((u!, ..., u!),\) in the tensor product for GLy and in the restriction
functor for symmetric groups).

The statement (0.2.H) was proven geometrically by Borho and MacPherson
IBMS83] using Springer’s realization of representations of symmetric groups.

The goal of this paper is to develop a geometric theory of tensor product for
polynomial representations of GL,, or, more exactly, for gly-crystals. In this geo-
metric setup the variety &;((u',...,u!), \) is responsible for the multiplicities in
the tensor product decomposition. In particular, ([0:Z:a) is an immediate corollary
of the main theorem of the paper (Theorem [3:9)).

0.3. Let t be again a nilpotent operator in C¥ with Jordan form X\ (i.e. t € Oy).
Consider the variety My (\) of all N-step partial flags ({0} = Fy C F1 C ... C Fy =
C*) in C* such that tFy C Fy_1 for any k= 1,...,N. Note that the dimensions of
the subfactors of the flag are not fixed. Each connected component of the variety
My (A) is of pure dimension. Ginzburg [Gin91] constructed a representation of
GLy in the top homology of My (A) (more exactly, in the sum of the top Borel-
Moore homology groups of connected components of My (A)), and proved that this
representation is isomorphic to L(A). This paper deals with a weaker structure
— that of Kashiwara’s gly-crystal on the set My () of irreducible components of
My (A). This crystal is isomorphic to the crystal £L(A) of the canonical basis of
L(A).

0.4. The main idea of this paper is to construct a certain variety Ty (u!,... ,u)
such that its connected components are of pure dimension and the set 7 (u*, . .. , ut)
of its irreducible components can be equipped with a structure of gl y-crystal in such
a way that one has two crystal isomorphisms:

(0.4.a) Tolpt, . 0 = My(ph) @ ... © My(uh)

and

(0.4.b) To(p's . ) = @S- 1), ) @ My (V)
A

where the set S;((u!, ..., u!), \) is considered as a trivial crystal, and ® (resp. @)
denotes the tensor product (resp. direct sum) of crystals, which is equal to the
direct product (resp. disjoint union) on the level of sets.

The variety Ty (u', ..., ul) is defined as the variety of all triples (¢, X,F) con-
sisting of a nilpotent operator ¢ in End. C*, an I-step partial flag X in C*, and an
N-step partial flag F in C*, such that subspaces of both flags are preserved by t,
and when ¢t is restricted to the subfactors of X (resp. F) it gives operators with

the Jordan forms p!,..., u! (resp. 0 operators). In particular, the dimensions of
the subfactors of X are equal to k',. .. , k!, but the dimensions of the subfactors of
F can vary. The variety Ty (u', ..., u) is called tensor product variety.

To describe the bijection (LZal) restrict the flag F onto the subfactors of the flag
X. In this way one obtains a map from Ty (b, ..., u!) to My (b)) x ... x My (),
which induces the bijection (IZ.a]).
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To obtain the bijection (0.ZH) consider Ty (ul,...,u!) as a fibration over the
nilpotent cone in End. C* (the projection map takes (t,X,F) to t). The fiber
of this fibration over a point ¢ € O, is isomorphic to the product of varieties
Si((ph, ... ,ub),\) and My ()\). Moreover, the dimension of the preimage of Oy in
a connected component of Ty (u!,...,u!) does not depend on . Hence one has

the bijection (0.4.H).

0.5. The most important result of the paper is that the crystal structures on
Ty (ul, o ,ul) induced by the bijections (0.4.al) and (0.4.b]) are the same, in other
words that the composite bijection

(05.2)  7v: My(p)@...@ My(u) = P Si(u' ... 1), A) @ My(N)
A

is a crystal isomorphism. This is shown by reducing the problem to the GLs case.
Actually, in the main body of the paper only the case of two multiples (i.e. [ = 2)
is considered. However generalization to arbitrary [ is straightforward.

0.6. Certainly, another proof of ([Zal) would not be worth the effort. However
the understanding of its geometric meaning paves the way for generalizations to
Kac-Moody algebras other than gly. In particular, in [Mal01] the ADE case is
considered, and certain “multiplicity variety” is defined such that the number of its
irreducible components is equal to the multiplicity of a simple finite dimensional
representation of a Lie algebra of ADE type in the tensor product of [ simple finite
dimensional representations. The multiplicity variety is a generalization of the
Spaltenstein variety in the context of Nakajima’s theory of quiver varieties.

0.7. The paper is organized as follows. Section 1 contains a short review of Kashi-
wara’s theory of crystals. In Section 2 the geometric tensor product is described in
the GLy case. This demonstrates general constructions on a simple example, but
a more important reason for including this section is that the generic GLy case is
reduced later to N = 2. In Section 3 the case of GL is considered. Both Sections
2 and 3 follow the same pattern. First, tensor product and Spaltenstein varieties
are defined, then the bijections « and 3 are described using certain “tensor prod-
uct” diagrams, and finally it is proven that the composite bijection 7 is a crystal
morphism (in the case of N = 2 by a direct verification and for arbitrary N via
reduction to gls-subalgebras inside gly ).

Most of the proofs consist of tedious checks of dimensions of various locally closed
subsets of the varieties involved. The only non-routine result is (2.5.g)) which is the
reason for 7y to be a crystal morphism.

0.8. The tensor product variety in the special case u' = (k',0,0,...), ..., u! =
(k',0,0,...), was independently described by H. Nakajima [Nak01), 9.1].
In the case when k' = ... = k! = 1 (i.e. the case of the product of I copies

of the fundamental representation of GLy) the tensor product variety is a cer-
tain Lagrangian subvariety of the cotangent bundle to the variety considered by
Grojnowski and Lusztig in [GL92].

0.9. Throughout the paper the following conventions are used: the ground field is
C; “closed”, “locally closed”, etc. refer to the Zariski topology; in the phrase “lo-
cally trivial fibration” “locally” refers to the Zariski topology, however trivialization
is analytic (not regular).
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1. CRYSTALS

Crystals were unearthed by Kashiwara [Kas90, Kas91l, [Kas94]. An excellent
survey of crystals as well as some new results are given by Joseph in [Jos95| Chapters
5, 6].

1.1. Definition of g-crystals. Let g be a reductive or a Kac-Moody Lie algebra,
I be the set of vertices of the Dynkin graph of g, Qg4 (resp. Q;/) be the weight
(resp. coweight) lattice of g, {a; € Qg}ier (resp. {ay € Qy}icr) be the set of
simple roots (resp. simple coroots), (,) be the natural pairing between Qg and Q.
A g-crystal is a tuple (A, wt, {e;}ier, {pi}ier, {€i}ier, {fi}ie[), where
A is a set,
wt is a map from A to Qy,
g; and ; are maps from A to Z,
é; and f; are maps from A to AU {0}.
These data should satisfy the following axioms:
o wt(é;a) = wt(a) + oy, wi(€;a) = pi(a) +1, ¢e;(&a) =¢gi(a) —1, for
any ¢ € I and a € A such that é;a # 0,
. wt(fia) = wt(a) — a4, goi(fia) = p;(a) — 1, Q(fia) =¢i(a)+1, for
any i € I and a € A such that fia # 0,
e (), wt(a)) = pi(a) —e;(a) for any i € I and a € A,
e fia=1"if and only if ;b = a, where i € I, and a,b € A.

The maps ¢; and ﬂ are called Kashiwara’s operators, and the map wt is called the
weight function.

Remark. In a more general definition of crystals the maps e; and ¢; are allowed to
have infinite values.

A g-crystal (A, wt, {&;}ier, {©i}ier, {€i }ier, {fi}ie[) is called trivial if
wt(a) =0 for any a € A,
gi(a) = pi(a) =0 for any i € I and a € A,
éa= fija=0foranyic I and a € A.

Any set A can be equipped with the trivial crystal structure as above.
A g-crystal (A, wt, {e;}ier, {¢i}ier, {€i}tier, { fi}ier) is called normal if
gi(a) = max{n | €'a # 0},

pi(a) = max{n | fra 0},

for any i € I and a € A. Thus in a normal g-crystal the maps ¢; and ¢; are uniquely
determined by the action of €; and f;. A trivial crystal is normal.

In the rest of the paper all g-crystals are assumed normal, and thus the maps ¢;
and ; are usually omitted. .

By abuse of notation a g-crystal (A, wt, {&; }ier, {¢i}ier, {€i}ier, { fi}ier) is some-
times denoted simply by A.

An isomorphism of two g-crystals A and B is a bijection between the sets A and
B commuting with the action of the operators &; and f;, and the functions wt, e;,
and ;.

The direct sum A®B of two g-crystals A and B is their disjoint union as sets with
the maps €;, f;, wt, €;, and @; acting on each component of the union separately.
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1.2. Tensor product of g-crystals. The tensor product AR B of two g-crystals A
and B is their direct product as sets equipped with the following crystal structure:

wt((a, b)) = wt(a) + wt(b) ,
ei((a, b)) = max{ei(a), ei(a) + €i(b) — @i(a)} ,
Lpi((aab)):max{wi( )7901( )+902( ) ( )}a

(1.2.2) 5 (0 BN — (éia, b) if pi(a) > ei(b)
i((a, b)) {( L eb) if gi(a) < &i(b)

m (fia , b) if pi(a) > &;(b)

fz(( ;b)) {( f’L ) if (pi(a) < €i(b) .

Here (a,0), (0,b), and (0, 0) are identified with 0. One can check that the set Ax B
with the above structure satisfies all the axioms of a (normal) crystal, and that the
tensor product of crystals is associative.

Remark. Tensor product of crystals is not commutative.

Remark. The tensor product (in any order) of a crystal A with a trivial crystal B
is isomorphic to the direct sum P,z Ap where each A; is isomorphic to A.

1.3. Highest weight crystals and closed families. A crystal A is a highest
weight crystal with the highest weight A € Qg if there exists an element ay € A
such that:
o wt(ay) =\,
e ¢;a) =0 for any i € I,
e any element of A can be obtained from ay by successive applications of the
operators ﬂ

Consider a family of highest weight normal crystals {A(\)}rcs labeled by a set
J C Qg (the highest weight of A(X) is A). The family {A(A)}res is called strictly
closed (with respect to tensor products) if the tensor product of any two members
of the family is isomorphic to a direct sum of members of the family:

A(pt = Puu'. 1. ) @ AN ,

reJ

where U((p!, 1?), \) are sets with the trivial crystal structures. A family {A(X\)}rer
is called closed if the tensor product A(u')®.4(u?) of any two members of the family
contains A(u! + p?) as a direct summand. Any strictly closed family is closed.

Let Q;r C Qg be the set of highest weights of integrable highest weights modules
of g (in the reductive case a module is called integrable if it is derived from a poly-
nomial representation of the corresponding connected simply connected reductive
group, in the Kac-Moody case the highest weight should be a positive linear combi-
nation of the fundamental weights). The original motivation for the introduction of
crystals was the discovery by Kashiwara [Kas91| and Lusztig [Lus91| of canonical
(or crystal) bases in integrable highest weight modules of a (quantum) Kac-Moody
algebra. These bases have many favorable properties, one of which is that as sets
they are equipped with a crystal structure. In other words, to each irreducible inte-
grable highest weight module L(\) corresponds a normal crystal £(\) (the crystal
of the canonical basis). In this way one obtains a strictly closed family of crystals
{E(/\)}/\egj’ satisfying the following two properties:
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e the cardinal of £()) is equal to the dimension of L(A);
e one has the following tensor product decompositions for g-modules and

g-crystals:
Lp) @ L(p®) = @ C((u' 1), %) @ L) ,
pYors
L) @ Lw?) = @ (', 1), ) @ L),
XeQy

where the cardinal of the set (trivial crystal) C((u!, u2), ) is equal to the
dimension of the linear space (trivial g-module) C((u', u?), \).
The aim of this paper is to construct another strictly closed family of g-crystals
{M(A)}AEQ; for g = gly using geometry associated to g. The following crucial
theorem ensures that this family is isomorphic to the family {£(X)} reat of crystals
of canonical bases (two families of crystals labeled by the same index set are called
isomorphic if the corresponding members of the families are isomorphic as crystals).

Theorem. There exists a unique (up to an isomorphism) closed family of g-crystals
labeled by Q;.

Proof. For a proof of the Kac-Moody case see [Jos95] Proposition 6.4.21]. The
statement for reductive g follows easily from the statement for the factor of g by
its center. |

2. GRASSMANN VARIETIES AND ¢lo-CRYSTALS
This section contains a geometric description of a closed family of gls-crystals.

2.1. Notation. From now on the weight lattice Qg, of gls is denoted simply by
Q5 and is identified with Z @ Z.

Given n,m € Z, Gr}, denotes the Grassmann variety of all m-dimensional sub-
spaces of C". If m < 0 or n < m then Gr}, is empty. Otherwise it is a smooth
connected variety of dimension m(n—m). Let Gr(n) = | |,<,,<, G, be the variety
of all subspaces of C™. -

2.2. Geometric gly-crystals. Given w € Zx>( consider the following diagram of
varieties (cf. [Gin91]):

(2.2.a) M (w)
Ub(w),
where

No(w) = {t € End(C¥) | 2 = 0},

Mo (w) = {(t,F) | t € No(w), F € Gr(w), imt C F C kert}, in other words,
Mo (w) is a variety of pairs (¢, F') consisting of an operator ¢ in C* and a subspace
F c C%, such that imt C F' C kert,

ma((t, F)) = t.

The variety 9z (w) is a disjoint union of connected components:

Mo (w) = |_| Mo (v, w) ,

vEL>o
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where
Mo (v, w) = {(t,F) € Ma(w) | dim F = v} .
The variety M2 (w) can be stratified as follows:
My (w) = U Otw—rr)
€50
where
Otw—ryy = {t € No(w) | rankt =r} .

The weird way of writing index A of Oy will be explained in subsection 321 Each
stratum O, is a single GL(w)-orbit in 912 (w) and there are finitely many non-empty
strata. The dimension of O, _, ) is given by

(2.2.b) dim O¢y—pry = 2r(w — 1) .

Choose t € O(y—r,y and consider the variety My (w,r) = 7y H(t). This variety
does not depend (up to an isomorphism) on the choice of t € O(y—_y,,). However if
a specific ¢ is used then the notation is s (w, t) instead of M (w, 7).

The variety Mo (w, ) is a disjoint union of connected components:

mQ(wﬂT) = |_| mQ(vawaT) )
UEZEO
where
Mz (v, w, ) = Ma(w, ) NMa (v, w) .
The component My (v, w,7) is isomorphic to Gr~?" (in particular it is nonempty
only for a finite number of values of v). Thus My (v, w,r) is a smooth connected
variety of dimension

(2.2.c) dim My (v, w,r) = (w —r —v)(v—71) .
Let Ma(w,r) = {Ma(v,w,r)} =" be the set of irreducible components of My (w, r).

Endow this set with the following structure of a gls-crystal:
wt(Ma(v,w,r)) = (v,w —v) ,
eMa(v,w,r)) =w—r—uv,

(Mo (v,w,r)) =v—r1r,

(2.2.d) Mo(v+Lw,r) fv<w-—r,

0 ifo>w-—r,

My (v, w,r)) = {

~ ) Me(v—-1Lw,r)  ifo>r,
FMz(v,w,r)) = {0 ifo<r.

Here indexes of €, ¢, &, and f are omitted because glo has only one simple root. The
set Ma(w,r) equipped with this structure is a highest weight normal gla-crystal
with the highest weight (w — r, 7). In other words, it is isomorphic (as a crystal) to
L((w—r,T1)).

The above is a trivial example of a geometric construction of crystals due to
Lusztig and Nakajima (cf. [Lus91l [Nak98| [KS97]). The next subsection provides a
geometric description of the tensor product on the family {Ma(w,7)}w rezs,-



682 ANTON MALKIN

2.3. The tensor product variety. Let w',w?,r!,72 be non-negative integers,
and let To(w',r!, w?, r?) be a variety of triples (¢, X, F'), where

t € My(w! +w?);

F is a subspace of C*"+*” such that imt C F C kert (i.e. (t,F) € My(w' +w?));

X is a subspace of C*'+%* guch that dim X = w!, tX C X, rank(t|x) = r!, and
rank(t|(cwl+w2/x)) =r2.

The variety To(w!,rt, w?,7?) is called tensor product variety for its role in the

description of the gla-crystal Ma(w!,r!) @ Ma(w?,r?). One has the following

decomposition of To(w?,r!, w?, r?) into a disjoint union of varieties:

QQ(wlarlaw27r2): |_| ‘IQ(anlarlan)rQ) )
vEL>o
where
To(v,w',rt w? r?) = {(t, X, F) € To(w',r',w?,r?) | dim F = v} .
Moreover
To(wh,rt w?, r?) = U To(vh,w!,rt v w? r?) |
v, v2€L>q
where
To(vt, wh,rt, v w? r?)
={(t, X, F) € Ta(w',r, w? r?) | dm FNX =o', dim F/(FN X) =%} .
Each subset To(vl, w!,r!,v? w?, r?) is locally closed and one has
To(v,wh,rt w? r?) = U To(vh,wh,rt v w? r?) .
vl,v2EZZO
v1+v2:'u

In the next several subsections the variety To(w!, 7!, w? r?) is used to describe

the tensor product of gla-crystals Ma(w!,r!) and My(w?,r?). The set of irre-

ducible components of To(w!, 7!, w?,r?) is seen to be in bijection with the set

Mo(wh,rt) x May(w?,r?), and two ways of labeling the irreducible components
imply the decomposition of the tensor product as a direct sum.

2.4. The tensor product variety as a fibered product. Recall that the variety
N (w! + w?) can be stratified by GL(w! + w?)-orbits (cf. subsection 2.2):

mQ(wl + ’LU2) = U O(w1+w27r,r) )

r€L0
where
Otw! tw2—rry) = {t € Mo(w' + w?) | rankt =71} .
The dimension of O(y1 42—y ) is given by ([2.2.D):

(2.4.a) dim O fp2—yry = or(w! +w® — 7).
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Consider a diagram

To(v,wh,rt w? r?)

-
No(w! + w?),
where 05((t, X, F)) = t. The map &, restricted to 65" (Ot 4w2—rr) is a locally
trivial fibration with a fiber isomorphic to a direct product
My (v, wh +w?, 1) x Gy(((wh,rh), (w?,72)), (w' +w?, 7)),
where the variety Ga(((w!, 1), (w?, 7“2)) (w' +w?,7)) can be described as follows.
Fix t € Oy 4w2—rr). Then So(((w',r), (w?,r?)), (w' + w?,r)) is a subvariety of
the Grassmannian of w!-dimensional subspaces of cw'+v? given by
62(((101, Tl)a (w27 72))7 (wl + w2a T))
={X cC”* | dimX =w', tX C X,

rank(t|x) = 71, rank(t

Cw1+w2/X) - 7n2}~

The variety Ga(((w!,r1), (w?,r?)), (w! + w?,r)) is an example of a Spaltenstein
variety (cf. subsection B2). It does not depend (up to an isomorphism) on the
choice of t € Oy 42 —r,p) -

Proposition. If the inequality

2 2 1 1 1 2)

rt+r? <r <min(w? —r? + 7w =7t 7

holds, then the variety So(((wt,rh), (w?,r?)), (w' + w?,r)) is a smooth connected
quasi-projective variety of dimension

dim &y (((w*, rh), (w2 ), (w + w?,r))
=wlw? + = (dlm O(w . + dim O(wz_Tz r2) — dlmO(w tw?—r, 7"))
Otherwise Sa(((w! 7"1), (w?,72)), (Wt + w?, 7)) is empty.
Proof. Fix t € Ma(w' + w?), rankt = r. The operator ¢ defines a flag
{0} Cimt C kert C cw' v’

The Varlety 62(((111 ), (w?,r2)), (wh +w?, 7)) is a variety of all linear subspaces
X c C¥'*+*” guch that

dim(X Nimt) = r — 72,
im(t|x) C (X Nimt),
dim(im#|x) = r',
dim((X Nkert)/(X Nimt)) = w' —r —r! 412,
The idea of the proof of the proposition is to construct a subspace X satisfying

the above conditions in several steps. On each step the choices are parametrized

by a certain variety. Start with X Nim¢. It is an arbitrary subspace of dimension

r —r? in im¢. So one has a Grassmannian Gr]_, . of such subspaces. Having fixed

X Nimt choose a subspace im(t|x) inside of it (the choices are parametrized by
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the Grassmannian G, TQ). The next step is to select X Nkert. The intersection
X Nimt is already fixed. Thus one proceeds in two steps. Choose (X Nkert)/(X N
imt) inside kert/im¢ (which gives Grzi f;UEZIQ:Tz). Then each choice of X Nkert
corresponds to an element of Hom((X Nkert)/(X Nimt), (im¢/(X Nim¢))). At this
point (X Nkert) C kert and (X/(X Nkert)) C C¥' T%” /kert are fixed (the latter is
determined by im(¢|x)). Thus the remaining choices for X correspond to elements
of Hom((X/(X Nkert)), (kert/(X Nkert))).

A rigorous way to spell out the above argument is to say that one has the
following chain of locally trivial fibrations

pt — Ay = Ag — Az — Ay — 62(((w rl)v (wzar2))a (wl + w2,7“))

_ _ 1 1,2 2
Grl; r? , Gr? JHw?—2r Hom(Cw ~—7—7 + C"),

with fibers 1som0rph1(3 to Gry_ ., Wl 429

and Hom(C"", C¥*~+") respectively.
The proposition follows. O

The statement about the dimension of Sy (((w?,r!), (w?,r?)), (w' +w?,r)) is a
special case of the Spaltenstein theorem (cf. ([3.2)).
Let So(((w?,rh), (w2 72)), (w! +w?, 7)) denote the set of irreducible components
of the variety &a(((w!,r?), (w?,r?)), (w' +w?,r)). Thus
(24b) So(((w', ), (w2, 1), (W' +u?, 1)
{Sa(((wt,r ) (w?,r?)), (w! +w?,r)} ifr>rl +7? and
- r < min{w? —r2 47t wl —rt 472},

0 otherwise .

This description of the set So(((w!,r!), (w?,7?)), (w! + w?,7)) of irreducible com-

ponents of Ga(((w!,r!), (w?,7?)), (w* + w?,7)) as a one-element or the empty set

is a special case of the Hall theorem (cf. (33)).
Turning back to the variety To(w!, 7!, w?,r?) recall that the fiber of the map

8o : To(v,wh, rt w? r?) — No(w' + w?)
over a point in Oy 42—y, is isomorphic to
mQ(val + w2a T) X 62(((11)1,7"1), (w2a T2))a (wl + w2,7“)) .

Proposition 24 and formulas (2d) and @Za) imply that 65 (O 1w2—r) 18
empty or a smooth connected quasi-projective variety of dimension

dim 52_1(O(w1+w27r,r))
1
= wlw? + U(wl + w? — U) + 5(d1m O(wl_rl,rl) + dim O(w2—7"2,7'2)) .

In particular the dimension does not depend on r (or, in other words, on the stratum

O(w' 4w2—r,r)). Therefore the variety T (v, wh, vt w?,7?) is of pure dimension,

(2.4.c)  dimTo(v,wt,rt, w?, r?)

1
= wlw? + U(wl + w? — ’U) + 5(d1m O(wl_rlml) + dim O(w2—r2,r2)) ,
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and the closures of d; 1(O(w1+w2_r,r)) are irreducible components of the variety

To(v,wt, 71, w?,7?). In this way one obtains bijections

’]—2(1),101,7’1,102,7'2)
A |_| SQ(((’U}l,’I“l), (w2,r2)), (wl + w277a)) X MQ(anl + wzar) )
TEZEO
(2.4.d) To(wh,rt w? r?)
= | SA(@"rh), @), (" +w?, 1) x Ma(w" +w?,r),

r€ZL>0
where T (v, wh, rt, w?,r?) (resp. To(w!, 7!, w? r?)) is the set of irreducible compo-
nents of To(v, w1 rl,w?, r?) (resp. ‘Zg(w , 71 w? r?)). These bijections represent
the first way of labehng the set To(w!, 71, w?,7?). Another labeling of the same set

is described in the next subsection.

2.5. The tensor product diagram. Consider the following commutative dia-
gram:

(2.5.a)

b
Ta(v,wh, rt w? r?) <2 Th(v,wh, rt w?, r?) p. MG (wt, rt) x MG (w?, r?)

an l’r]; lﬂ‘zXTK‘Q

Cc2 d2
o2 Ro(w',rt w? r?) < Ry (wh, rt, w2, r?) > Ot —r1,r1) X Ou2—r2 12

lm

No (wh + w?)

Here the notation is as follows:

Ro(w!,r!, w? r?) is a variety of pairs (¢, X), where t € My(w! + w?), and
X is a subspace of Cw'+v* guch that dim X = wh, tX C X, rankt|x = r!
rankt|(cu,1+wg/x) =7

Th(v,wh, rt w?,1r?) (resp. Wy (wh,rl, w?,1?)) is the set of triples (z, R, Q), where
r=(t,X,F) € Za(v,wl,r,w? r?) (resp. x = (t,X) € Ra(wt,rt, w?,7?)), R is an
isomorphism X — (Cwl, @ is an isomorphism cv'+v’? /X — (Cw2;

’Q(wi,ri) = 7T2_1(O(wi,ri7ri)) C Sﬁg(wz) fori=1,2;

)

nQ((taXa F)) = (t7X);

m((z, R, Q)) = (n2(x), R, Q);

7 ((t, X)) = t;

G‘Q(((taXa F)aRv Q)) = (thv F),

CQ(((taX)vRa Q)) = ( aX);

bQ(((taXa F)aRvQ ):((RﬂxR_l,R(FﬂX)), (Qtl@w1+w2/xQ_1,Q(F/(FQX))));
(

(t,X),R,Q)) = (Rt|x R, Qt|Cw1+w2/XQ_1).
Note that the map bs is not regular (this is why the dotted arrow is used in the
diagram). However restricting as and by to

ay (To(v', 'm0 w? 1)) = by (Gt wh ) x (0%, w?, )
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one obtains a commutative diagram in which all maps are regular:

(2.5.1)

!/ 1 1 .1
az by N (v, w,rt)x
oot wlrt 02 w? r?) <— T4 (v wt,rl 0% w? r?) —— %( 9 o 2)
M, (v2, w2, r?)
2 7]; lﬂ'QXTI’Q

c
d2 mQ(wlv Tlv w27 TQ) -~ 9(1‘./2(11)1, Tl’ w2’ TQ) O(wgf,a 2)
72
‘ﬁg(wl + w2)

Here the notation is as follows:

To (v, wh, 7t v%, w?,r?) is a locally closed subset of the tensor product variety
defined in subsection [2.3}

{'E/Q(’Uly wlj 7‘1) U2a ’LU2, T2) :‘ a2_1((£2(1]‘17 w17 T17 U2) ’LU2, T2));

M, (v*, wh, r) = MG (w', r*) N Mo (vt w?) for i = 1,2.
Let

mQ (wl, rla wQa 7"2, T) = J{2_1 (O(w1+w277’,r)) 5

mé(wl, rla wQa 7"2, T) = Cgl(mQ(wla rla wQa 7"2, ’I")) :

Proposition.

2.5.c. in (ZEa) and R5H) the map s restricted to Ra(wt,rt,w? r2 1) is a
locally trivial fibration over Oy yw2—r,ry with a fiber isomorphic to the
Spaltenstein variety Ga(((wh,rt), (w?,r?)), (w' +w?,7));

2.5.d. in (25.2) and @F5X) the maps as and cz are principal GL(w') x GL(w?)-
bundles;

2.5.e. in (25.H) the map by is a locally trivial fibration with a constant smooth
connected fiber of dimension

dim GL(w") 4 dim GL(w?) + w'w? + v (w? — v?) + v*(w' —v');

25.0 if 1t + 1?2 < r < min(w? — 72 + rw! —rt +12), then dy restricted to
R (w, rt,w?, r? 1) is a locally trivial fibration with a constant smooth con-
nected fiber of dimension

dim GL(w') 4 dim GL(w?)
1
+ wlw? + §(d1m O(wl_i_,wz_,a,r) — dim O(wl_rlml) — dim O(uﬂ—rz,r?)) ,
otherwise Ry(w', rt, w?,r% 1) is empty;

2.5.g. if r = min{w? —v?+rl vl +72}, then ny (Ry(w, w2, r2, 7)) is an open

dense subset of Th(vl, w,rt,v? w?, r?);

2.5.h. Th(vt wl,rt 0% w? r?) is a smooth connected quasi-projective variety,
dim T4 (v*, wh, rt v? w?, r?) = dim GL(w') 4 dim GL(w?)
1
+ wlw? + U(wl + w? — ’U) + 5(d1m O(wl_rlml) + dim O(uﬂ—rz,r?)) ,

where v = v! + v?;
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2.5.4. if rt + 72 <r <min(w? — 72 + L wt —rt +12), then Ry (wh,rt,w? r? r)
s a smooth connected quasi-projective variety,

dim Ry (w', rt,w?, r? r) = dim GL(w") 4 dim GL(w?)

1, . . .
+wlw? + §(d1m O(w1+w2—r,r) + dim O(w1_r177a1) + dim O(w2—r2,r2)) ,

otherwise Ry(w', rt, w?,r2,r) is empty.

Proof. Statements [Z5.d and [Z5.dl follow from definitions. For 5.l write by as a
composition of fibrations (cf. the proof of Proposition 24):

1/2(1)1, wla Tla 1)2, U)2, 7A2) 5 T/2/(1)17 wlv rlv v27 U)2, T2)
LN Tg/(’ul,wl,rl,UQ, ,w2, 7“2) LEN (112///(1)1711}1770171)2, ,w2, 7“2)
2L ol (vh, wt, ) x M (v?, w?, r?) .

Here the notation is as follows:

T (v wl et 02 w? r?) is a variety of tuples (X, !, F1,t2, F?), where

((tH F), (1%, F?)) € My(vh,w',rt) x My (0%, w?,r?)

and X is a subspace of Cv'+v* of dimension wl;

T (v wh, rt v w?,r?) is a variety of tuples (R, Q, X, t!, F', 2, F?), where

(X, th, FY 2 F?) e T (vt wh, et 02, w?, r?)

and R (resp. Q) is an isomorphism X — cv' (resp . (C“’1+w2/X — (sz);

T (vt wh, rt v w?, r?) is a variety of tuples (F, R, Q, X,t', F* 2 F?), where

(R7 Q’ X’ tl’ F17 t27 F2) 6 (3,2,/(1)17 w17 7"17 v27 w2’ T2)

and F is a subspace of C*' +*” such that R(F N X) = F', Q(F/(FN X)) = F2

n(((t, X, F),R,Q))
= (Fv Ra Qv Xv Rt|XR_17 R(F N X)v Qt|(C’w1+w2/X)Q_lv Q(F/(F N X))) ;

P2, P3, P4 are natural projections.

The fiber of py4 is a Grassmannian of dimension w'w?, the fiber of p3 is isomorphic
to GL(w!) x GL(w?), the fiber of py over (R,Q, X,t', F* 2, F?) is isomorphic to
the affine space Hom(Q~1(F?), X/(R™*(F1!))), and one can describe the fiber of
p1 over (F,R,Q, X,t', F* 2, F?) as follows. Choose a subspace (F N X)X C X

wl 4w? 1
(resp. (FNX)F c F, (F+X)" "™ ccv +“’2) complementary to F N X in X
(resp. to FNX in F, to (F + X) in Cw1+“’2), and consider R (resp. @) as a map
1 2
(FNX)X & (FNX)—C" (resp. (F+X)" ™ @ (FnX)F - C"). Then

i, (00 ten (00
R tR_(,ul 0)) Q tQ_(UQ O)a

for some matrices u', u?, and the fiber of p; consists of operators ¢ € End((C“’1+w2)
that have the following block form

0O 0 0 O

. 0O 0 0 O
(2.5.j) t=1.2 0 0 0
s ul 00
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with respect to the presentation of Cv'+v* as a direct sum
wl fw?
cv Y = (P X)) e (FnX) Y e (FnX) e (FNX).

In (2.5.j) s is an arbitrary v! x (w? —v?) matrix. The statement[Z5.d follows. Proof
of 251 is analogous. The crucial step is to describe the set of matrices of the form

‘o QfthQ 0
o * R Y“R) "
such that t € Oy 42 —r,r)-

follows from the fact that matrices of rank equal to min(w? —v?+r!, vl +1?)
form an open dense subset in the set of matrices of the form (2.5.])).

B.5.0l follows from [Z5.d and (Z2).

P51 follows from [2.5.1 or 225.d together with 2.5.dl O

Statement 25 dltogether with (24.d) implies that the variety T4 (v, w', r!, w?, r?)
is of pure dimension,

dim T (v, w', 7', w?, r?) = dim GL(w"') + dim GL(w?)
1
+ wlw? + U(wl + w? — ’U) + 5(d1m O(wl_T.lJ.I) + dim O(w2—r2,r2)) ,

and the set of irreducible components of Th (v, w!, 7!, w?,7?) is in a natural bijection
with 75 (v, w', 71, w? r2) (the set of irreducible components of To(v, w, r!, w?, r?).
The fiber of 7% (in the diagram (Z&a)) over a point in Ry (w!,rt, w2, r? r) is

isomorphic to Mz (v, w! + w?,r). Since
dim R (w', rt, w?, 72, r) + dim My (v, w + w?,r) = dim Ty (v, w', 71, w?, r?)
one obtains another description of the bijection (2.4.dJ)
7—2(1]; wla rla ’LU2, TQ)

— |_| So(((wh, ), (w2, r?)), (w* +w?, 7)) x Ma(v,w' +w? r),
r€ZL>0

where now Sz (((w!, 1), (w?,7?)), (w' +w?, 1)) represents the set of irreducible com-
ponents of R (w!, 7!, w?, r2 r) (cf. EZ5d) or the set of irreducible components of a
fiber of dg in the diagram (2.5.a) (cf. B5). This description of the bijection (2.4.d)
as coming from the double fibration dzon} is convenient for study of gl(2)-restriction
in the gly case.

On the other hand T4 (v, w!,r!,w?, r?) is the total space of the double fibration
(79 X ) 0 ba. To make sense of by one should consider the diagram (2:5.1) instead
of 253&). Then says that the variety Th(vl,w',r!,v% w? r?) is smooth,

connected, and has the same dimension as Th(v,w!,rt, w?,7?). Hence the closure

of Th(vt, wl,rt, v?, w? r?) is an irreducible component of T4 (v, w!,r!, w? r?), and

thus one obtains the following bijections
1,1.1 .2 2 2 1,1 .1 2 2 2
To(v ,w,r v, w,r?) & Ma(v,w,r ) x Ma(ve,w?,r?),
1.1 ,2 2 1,1 1 2 2 2
T(v,w ,r,w,r7) « |_| Ma(v',w,r7) x Ma(ve, w,r?)

1,2
v W EL>o
v1+'u2:'u

E(wl,rl,w2,r2) — Mg(wl,rl) X Mg(w2,r2) .

(2.5.k)
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Combining (2.5.K) and ([2:4.d) (which represent two ways of labeling the set of

irreducible components of the tensor product variety To(w!, r!, w?, r?)) one obtains

a bijection
5 1 Ma(w', ) x Mo(w?,r?)

= |_| 82(((w1arl)a (wQaTQ))a (wl + wQ,r)) X M2(w1 + w2,r) :
r€ZL>0

It follows from the definition of 79 and that

(2.5.) Tg((img(vl,wl,rl), 9.712(1)2,1112,7“2)))
= (62(((11)1,7’1), (w2a T2))a (wl + w2,r0)) ) mQ(vl + 1)2,11)1 + w2,r0)) )

where rg = min{w? — v? + 71, vt +r?}.
2.6. The main theorem for glo. The equality ([25]) together with definitions

(L2.a) and (2.2.d)) imply the following theorem, which is the main theorem of this
paper in the gl case.

Theorem. The map T2 (described in sections [24H2.3 using two labelings of the
set of irreducible components of the tensor product variety To(wt,rt, w?,r?)) is a
crystal isomorphism

5 1 Mo(w!, ) @ Mo(w?,1?)
= @ 82(((w1arl)a (w2,r2)), (wl +w2,7")) ®M2(w1 +w2,7’) )

TEZEO

where So(((wh, rh), (w2, r?)), (w! + w?,7)) is considered as a set with the trivial
gla-crystal structure.

3. SPALTENSTEIN VARIETIES AND gln-CRYSTALS

This section contains a geometric description of a closed family of gl,-crystals.
Throughout the section N is a fixed positive integer.

3.1. Notation. Let Q,, be the set of m-tuples of non-negative integers. Given
a € Q,, let a; denote the i-th component of a, and |a| denote the sum of all
components of a: |a| =" a;. Let Qp,(k) = {a€ Qp, | |a| = k}.

In this paper representations of gl are assumed integrable (polynomial). There-
fore all weights are positive and one can identify the relevant part of the weight
lattice of gly with Q..

Let Q) (resp. Qi (k)) be the set of a € Q,, (resp. a € Q,,(k)) such that
a; > ap > --- > a,,. One can think of Q,tb as of the set of partitions, or Young
diagrams, or highest weights of integrable representations of gl,,. Let L(\) be the
irreducible highest weight representation with the highest weight A € QF, s\ be
its character (a Schur function), and £(\) be the crystal of its canonical basis (a
highest weight gly-crystal).
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3.2. Nilpotent orbits and Spaltenstein varieties. Let m € Z-o, w € Z>o,
t € End(C"), t"™ = 0. Denote by J(t) € Q;f (w) a partition given as follows: J(t);
is equal to the number of Jordan blocks of ¢ with size greater than or equal to i
(J(t) is called below the Jordan type of ). For A € Q. let

Oy = {t € End(CP) [t™ =0, J(t) = A} .

The set Oy C End(C/M) forms a single GL(|\|)-orbit.

The stabilizer in GL(|\A]) of any ¢ € O, is connected because it is given by the
compliment of a hypersurface detz = 0 in the affine space {z € End(C*) | zt =
tz}. Hence Oy is simply connected. It follows that given a locally trivial fibration
over O, with a constant fiber of pure dimension there is a canonical bijection
between the sets of irreducible components of the fiber and of the total space of the
fibration. In what follows these two sets are usually denoted by the same symbol.

Let m € Zso, w € Q,,. Denote by §,,(w) the partial flag variety

Fm(w)={F=({0}=FyCF,C...CF,, =C¥)| dim(F;/F;_;) = w;}

and let §p,(w) = Llwegm(w) & m (W) be the variety of all m-step partial flags in C*.
Given F € §,,,(w) let dim F denote the m-tuple of integers consisting of dimensions
of subfactors of the flag F. Thus F € §,,(w) if and only if dimF = w.

Let I,m € Zso, p € Q, A be an [-tuple (\!,...,A!), where \* € Q} and
22:1 IN{| = |u|. Let |A| denote an element of Q; given by |A| = (|AY],..., |AY)).
Choose t € O,, and consider the following subvariety of §;(|A|):

Si(A, ) ={F € Zi(|A]) | tF; CFy, tlp,m,_, €Oxi}.

The variety &;(A, 1) does not depend (up to an isomorphism) on the choice of
t € O,. However when the choice of ¢ is important the notation is &;(A, ¢) instead
of &;(A, ).

Theorem. [Spa82, I1.5] The variety &;(A, 1) is of pure dimension,

1 !
2 dim &u(A, 1) = [ul([u — 1) = 3NN = 1) — dim O, + 3 dim Oy,
i=1

i=1

1 1
= N[N = dim O, + > dim O, .
ij=1 i=1
7]
The variety &;(A, p) is called (I-step) Spaltenstein variety. Let S;(A, ) denote
the set of irreducible components of &;(A, u).

3.3. The Hall theorem. Let p!,u? € QF. One has the following (tensor prod-
uct) decompositions in the ring of symmetric functions, the category of integrable
representations of gl,, and the category of gl-crystals:

SpurSp2 = Z C;}1M28)\ s
A€Q (It [+]42])
L(p") @ L(p*) = @ C((u', 1?),\) ® L(N) ,
€Ok (It [+1p2))
LpHoLw)= P e N eLn,

el (Iut[+1u2])
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where Ci\tluz is a non-negative integer, called the Littlewood-Richardson coefficient,
C((ut, 4?), \) is a linear space of dimension c’\LllLQ with the trivial gly-action, and

I
C((u*, u?), \) is a trivial gly-crystal (i.e. a set with the trivial crystal structure) of
cardinal 021 2

The following theorem is due to Hall [Hal59].

Theorem. The number of irreducible components of the (2-step) Spaltenstein vari-
ety Sa((ut, pu?), \) is equal to the Littlewood-Richardson coefficient C/)ll;ﬂ' In other
words, the set Sa((ut,u?),\) is isomorphic to the set C((u',u?),\) as a trivial
gly-crystal.

Remark. Let Fy be a finite field with ¢ elements. The original Hall’s statement
[Hal59] says that the number of Fy-rational points of the variety Sa((u!, u?), \) is
given by a polynomial in ¢ with the leading coefficient equal to cﬁl 2 (the variety
Sa((pt, u2), \) is defined over any field). The above formulation of the theorem

follows from this one by a weak form of the Weil conjectures (cf. [LW54]).
3.4. A special case. The following lemma is a special case of the Hall theorem.

Lemma. If A = p! + p? (i.e. N\ = pl + p?) then the variety So((pt, u?),\) is
non-empty.

. iV1<i<pi+u? . 1 2
Proof. Let t € O,14,2. Choose a basis {el}; /=5 in CI#' 14111 such that

ro — el ifi>1,
o ifi=1,

and consider a subspace X C Cl#'1+11°] defined as the linear span of the set

e-‘ <1< ,
4 1<i<N
FEZN((0, ur] U (k4 pd, kg + p2]U U (g + iy, md + 1))}

where it is assumed that pl; = p%_; = 0. Then the flag ({0} C X C Clit 1)
belongs to &a((u', 1), p' + pi?). O

One of the purposes of this paper is to explain appearance of the varieties
GSa((ut, 4?), \) in the tensor product decomposition for gly. As an application
the Hall theorem is deduced in B.11]from Lemma [3:4] and Theorem The start-
ing point is a geometric construction of the highest weight crystal £(A) due to
Ginzburg.

3.5. Ginzburg’s construction. [Gin91] Given w € Z>¢ and v € Q5 (w) consider
the following varieties

Ny (w) = {t € End(C¥) | tV =0},

My(v) ={(t,F) |t € Ny(w), F € 65(0,¢t)}, where 0 = (0,...,0), |0] = v (in
other words, My (v) is the variety of pairs (¢,F), where ¢ is a nilpotent operator
and F is an N-step partial flag of dimension v, such that tF; C F;_1),
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My (w) = yegy @w) Pn(v). Consider a natural map

My (w)

mN(w) ’
given by 7y ((¢,F)) = t, and put My (w,t) = 751 (t). One has
My(w,t) = || My(v,1),
veQdn (w)
where
My (v,t) = My (w, 1) N My (v) .

The variety My (v, t) is isomorphic to the Spaltenstein variety & (0,¢). It depends
(up to an isomorphism) only on A = J(¢t) (the Jordan form of ¢, cf. B2). Thus the
notation My (v, ) is often used instead of My (v,t). According to the variety
MWy (v, A) is of pure dimension and

(3.5.a) dim My (v, \) = %(Z v;v; —dim O,) .
i#j
Let My (v, A) be the set of irreducible components of My (v, A) and My () =
Uveow(a) M (v, A) be the set of irreducible components of My (|A[, A).
The set My (\) can be endowed with a structure of a normal gly-crystal. The
weight function is given by

(3.5.b) wt(Z)=v it Ze My(v,A).

The functions e and @y, and the action of the Kashiwara operators é; and fk on
M (A) are defined in the next two subsections using glo-restriction.

3.6. Restriction to gly. Throughout this subsection k denotes a fixed integer such
that 1 <k <N —1.

Let QF be the set of (N — 1)-tuples of non-negative integers labeled as follows:
(ug,...,Ws_1,Upt1,...,Uy). There is a natural map p~ : Qy — QF given by

,ua
PR (V) = (Viy ey Ve 1, Ve + Vi, -5 Vi) -

Let Q8 (w) = o (Qu (w)) = {u € Q% | Yu; = w}.

Given u € QF consider the following partial flag variety
Fru)={F=({0}=FycF,C...CF_ 1 CFr; C...CFy=Clu)
dim(F;/F;_1) =u; for i Z0,k,k+ 1, dim(Fg41/Fr—1) = w1},
and, similarly, the following variants of the varieties My (v) and My (w):
M (w) = {(t,F) | ¢ € Ny(|u)), F € Fy(u),
tF; CF; i fori#0,k,k+1, tFpy1 C Fryq, t*Frp CFr ),
My (w) = ] M (w).

ueQf (w)
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One has the following commutative diagram:

(3.6.2) MY (ke (v)) o

Ny ([vl)

Here 0% forgets the k-th subspace of the flag, and 7% forgets the rest of the flag.
Given u € Q% 1 € Qf(|ul), and r € Zx, choose t € O,, and let

M, (u, ) = (7)) 7H(1)
mi(uaﬂvr) = {(tvF) € mkN(u7 M) | rank(t|Fk+1/ka1) = 7“} .
The varieties 9% (u, 1) and ML (u, p,r) do not depend (up to an isomorphism)
ont € O,. The latter one is an example of the (N — 1)-step Spaltenstein variety.
More exactly, % (u, u,r) = Sy_1(A, u), where A = (0,...,0,A\¥,0,...,0) with
A = (g1 —r, 7). Hence ME (u, u,r) is of pure dimension and

N
. 1 . .
(3.6.b) dim M (u, p, 7) = 5( Z wu; — dim O, +dim Oy, —pr)) -
Lz
i#]
Let M¥ (u, u,7) be the set of irreducible components of M~ (u, , 7).
One has the following stratification

My (u,p) = | 5 (u,p,7)
TEZEO

with only finitely many non-empty strata. The map oF (cf. ([B.6.a)) restricted to
a stratum 9% (p% (v), i, 7) is a locally trivial fibration with the fiber isomorphic to
the fiber of the map

Mo (Vi + Vig1)

N (Vi + Vit1)
over a point in Oy, ,4v,—rr) (se€ 222 for relevant notation). In other words the
fiber is a Grassmannian and

. _ 1, ..
dlm((o—zlfr) 1(%)) = ViVi+1 — §(d1m O(vk+vk+1—r,r)) »

where x € M (% (v), u,7). Hence the dimension of 9% (pk (v), u,r) plus the
dimension of the fiber of 0% over a point in this stratum is equal to the dimension of
My (v, 1) (cf. 352)) and one has a bijection of the sets of irreducible components

0k | Ma(vop) | ME(, ) x Ma(ags,r)

v=(p§)~*(a)
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or

(360) 9113 : MN(M) - |_| MI;(U,ILL,T) X MQ(ukJrlvr) :
uEQlfv
r€ZL>0

3.7. The crystal structure. Now one can finish the definition of the crystal struc-
ture on the set My (p). Namely, consider the RHS of (B6.d) as a gly-crystal with
the crystal structure coming from the second multiple, and let

e =co0fk
pr=poby,
G = (08) ook,
fe=(0%) "o foby .

These formulas together with the weight function (3.5.0) provide a structure of gi -
crystal on My (p). By abuse of notation this crystal is also denoted by My ().

Proposition. The crystal My (u) is a highest weight normal glx-crystal with the
highest weight L.

Proof. The fact that My (p) is a normal crystal follows immediately from defini-
tions. To prove that it is highest weight it is enough to show that it contains a
unique element Z such that

(3.7.a) exZ =0 forl<k<N-1.

Fix t € O, and let (¢,F) be a generic point of a component Z of My (¢) satisfying
BTa) (“generic” here means “not lying in any other component”). By definition
of the operators €, it implies that

kert|p,,,/F,_,) = Fr/Fr-1 for 1I<E<N-—1.
From this it follows by induction in k that
kertk_1|pk =F,_1 for2<k<N,
and then using inverse induction in k£ one obtains

Fp=kert* forl1<k<N.

Hence Z has one generic point (¢, ({0} C kert C ... C kert"V = CI#l)). It means
that there is unique highest weight component Z of My (|u|), Z is the point, and
wt(Z) = p. The proposition follows. O

Actually the crystal My () is isomorphic to £(u) (the crystal of the canonical
basis of the irreducible highest weight module with highest weight ). One can
prove it using a slightly modified argument of [Gin91]. Another proof (based on
Theorem [[J) is given in subsection Bl

The above description of the crystal structure via gla-restriction is essentially
due to Lusztig [Lus91l, 12] (in the more general case of quiver varieties), and was
used later by Kashiwara and Saito [KS97], and Nakajima [Nak98§].
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3.8. The tensor product variety and the tensor product diagram. Let
pt, u? € Qf. Consider the following variety:

Tn(u', p1?)
={(t, X, F) | t € My (' [+]6?]), (&, F) € My (| [+|1?]), X € Sa((u', 1?), 1)} -
In plain words a point of T (u!, u?) is a triple consisting of a nilpotent operator
te End((C‘“l'H’f‘), an N-step partial flag F in C/#'[+1¥°l and a subspace X in
CIH'1+11°] of dimension |pt], such that ¢ preserves both F and X, and when restricted

to X (resp. cl# |JFW‘/X, subfactors of F) gives a nilpotent operator of Jordan type

ut (resp. a nilpotent operator of Jordan type pu?, 0 operator).

The variety Ty (ut, u?) is called the tensor product variety (for gly). It plays an
important role in geometric description of the tensor product. In particular using
two different ways of labeling irreducible components of T (u*, 1) one can describe
the direct sum decomposition of the tensor product of gly-crystals M (u!') and
M (1?). Details are given below.

The variety Ty (ut, 4?) is a disjoint union of subvarieties labeled by the dimen-
sions of the subspaces of F:

T (u' 1) = L] Svop?),
veQn (lut|+p2])
where
SN(Va:L"lvlﬁ) ={(t,X,F) € SN(,LLIMU'Q) | dimF = v} .

There is a natural map:

TN(Vv Mla ‘LLZ)

-
N (] + 112])
given by 0y (¢, X, F) = t. Stratify My(|ut| + |u?|) by GL(|u'| + |p?])-orbits. The

map J, restricted to an orbit O, is a fibration with a constant fiber isomorphic to
the direct product of two Spaltenstein varieties (for 2-step and N-step flags):

Oyt (x) = Sa((u', 1?), A) X My (v, A)
if z € Oy. Therefore
1
dim (81 (02)) = [ [[1?] + 5 (Y vivj + dim O +dim O,2) .

i#]j
Since the dimension of 651(0,) does not depend on A, it follows that the variety
Tn(v,ut, pu?) is of pure dimension,

1
(3.8.a) dim Ty (v, pt, p?) = |pt || + 5(2 vivj +dim O, +dimO,2) ,
i#]
and one has the following bijection
(38b) TN(VHU’lvMQ) = |_| 32((,“17#2)7)\) X MN(V7)‘) )
A€QR (It +]u2)

where Ty (v, ut, u?) is the set of irreducible components of T (v, ul, u?).
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Another way to label irreducible components of T, (u!, u?) is as follows. Let
F N X (resp. F/(FN X)) denote the flag in X (resp. in Cl#'[+1#°1/X) obtained
by taking intersections with X (resp. quotients by intersections with X) of the
subspaces of F', and let

EN(V17V27//[/17//[/2)
={(t, X,F) € Ty (', p?) | dim(F N X) =v!, dim(F/(FN X)) = v?}.

Each subset Ty (v, v2, ul, yu?) C Ty (ut, pu?) is locally closed and one has

vt )= || TRt e?).
vieQn (|ul)

vieon (Iu))
v1+v2:v

Consider the following commutative diagram (cf. (Z5a)):

a b
(3.8.¢) («EN(V7//[/1; NQ) L T (v, :U17M2) ....... N gﬁ;}(‘ul) « m;\](’uz)
lnN ln}v lWNXTI'N
o R (1! 12) = R (i, ?) — 2 Our X Oy
-
Nl + 1?)

Here the notation is as follows:

Ry (pt, 4?) is the variety of pairs (¢, X), where t € My (|ut| + |1?]), and X is a
subspace of Cln 111 such that dim X = |ut], tX C X, t|x has Jordan type ul,
tl(c,w1+,w2 /X) has Jordan type p?;

T (v, b, u?) (resp. R (ul,pu?)) is the variety of triples (x, R, Q), where z =
(t, X,F) € Tu(v,pt,p?) (vesp. = = (t,X) € Ry(u',p?), R (resp. Q) is an
isomorphism X — CI#'| (resp. Cl#' I+l )/ x — Cli?l);

M, (1) = 7 (Ope) © M () for i = 1,2

v (8, X, F)) = (8, X);

ngv((xv R, ? ) = (nN(x)a R, Q)a

%N((ta X) =1

aN(((t5 X, F)7 R,Q ) = (t7 X, F):

CN(((t5 X)7 R, Q)) = ( aX)?

bN(((ta X )7 Ra Q)) = ((RthRfl, R(FHX))a (Qﬂcwl \+\u2\/xQ717 Q(F/(FQX))))7

dy(((t,X),R,Q)) (Rt|XR‘1,Qt|@w1+wz/xQ‘1).
The map by is not regular. To fix it one has to restrict ay and by to the locally
closed subset

TVt p?) = a (SN (vE VPt p?)
= bt (v ) x M (V2 p?))
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The result is the following diagram (cf. (2.51)):
(3.8.4)
b
T (v vt p2) <= T (v V2t p?) = O (v ) x D (V2 pa?)

lVIN l’r];\, lﬂ'NXﬂ'N
CN

on Ry (u', 1?) R (', 1?) O X Op2

N (| |+ |12])

The following proposition is an analogue of Proposition 2.5

Proposition.

3.8.e. in the diagrams ([B.8.d) and (3.8.d) the maps ay and cy are principal
GL(|ut|) x GL(|1?|)-bundles;

3.8.1. in the diagram (3:8:d)) the map by is a locally trivial fibration with a con-
stant smooth connected fiber of dimension

dim(GL(|u'])) + dim(GL(|6?))) + pallpa| + Y vivs .
i#]

Proof. Statement 3.8.d follows from definitions. To prove 3.8 write by as a com-
position of fibrations (cf. the proof of [Z5.d):

T vt p?) S TVt p?) B TV )

BVl ) S () < D ()

Here the notation is as follows:

(v v2, pt, p?) is a variety of tuples (X, F! F2 ¢! ¢?), where

(F',th), (F2,8%)) € M (v!, ut) x M (v2, %)

and X is a subspace of Cl#'I+11°l of dimension |p!|;

(v v2 ut, p?) is a variety of tuples (R, Q, X, F, F2 t! t?), where

(X’ Fl’ F27 tl? t2) 6 KI;/]/,(VI’ V2’ /’Ll’ ILLQ)

and R (resp. Q) is an isomorphism X — cl'l (resp. (C|“1|+‘“2‘/X — (CW');

T (v v2 ut, p?) is a variety of tuples (F, R, Q, X, F! F2 ¢! ¢?), where

(R,Q, X, F'F* %) € TV(v!,v? 1l )

and F is an N-step flag in Cl#' 14| such that R(FNX)=F!' Q(F/(FNX)) =F?

a(((t, X,F), R, Q))
= (FvRanXvR(F n X)a Q(F/(F N X))aRt|XR71aQﬂ(({j\ul\ﬂuz\/x)Qil) )

q2, q3, g4 are natural projections.
The fiber of g4 is a Grassmannian of dimension |u!||u?], the fiber of g3 is isomorphic
to GL(|u']) x GL(|p2]), the fiber of g2 is isomorphic to the affine space

P Hom(F?/F?_,, W'l /F}) |
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and the fiber of ¢; is isomorphic to the affine space
@ Hom(F7 /F7_ |, Fi ;).
i

Statement B.8.4 follows. O

Statement implies that the set of irreducible components of T’ (v, u', u?)
is in a natural bijection with 7y (v, u', u?) (the set of irreducible components of
Tn(v, b, 1?)). On the other hand B.81 provides a bijection between the product
of the sets of irreducible components of My (v1, ut) and My (v, u?), and the set of
irreducible components of T/ (v, v, u', u?). Moreover it follows from 8.l B.81
B5.al, and B8al that

dim T (v, v2, pt, p?) = dim T (v + v2 pt p?)
Hence the closures of irreducible components of T (v!,v2 ul, u?) are irreducible
components of T4 (v* 4+ v2, ul, u?) and one obtains a bijection

To(vip' 1) = || Ma(vh ') x My(v?, 2
vieQn(|ul)

viean(In®))
v1+v2:v

Together with (B.81) it provides a bijection
T L] Mahuh) x M (V2 p?)

vieon(lull)
vieon(u?))
v1+v2=v

= L] Sa((u' 1)) x Mu(v, A
A€QL (Iut]+|p2])
or, taking union over v € Q(|ut| + [1?|),
v Ma(p') x My (i) = L] S 1)) x Mu(N)
A€QL (Iut|+]u2])

3.9. The main theorem for gl,. Here is the main theorem of this paper in the
gl case.

Theorem. The map Ty is a crystal isomorphism
TN : MN(NI)®MN(FL2) = @ S2((M1aﬂ2)a>\)®MN(>‘) )
A€Q (It |+1u2))
where So((ut, u?), \) is considered as a set with the trivial crystal structure.

The proof of this theorem occupies the next subsection.

3.10. gls-restriction in the tensor product or the proof of Theorem B3.9.
By definition the bijection 7y preserves the weight function. So in order to prove
that 7y is a crystal morphism

T~ :MN(N1)®MN(N2) - |_| S2((ﬂlvﬂ2)v)\)®MN(>‘)
A€QF (Int [+p2)

it remains to compare the action of the Kashiwara operators f, and é; on the
domain and the range of 75 (recall that both sides are normal crystals, and thus
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one does not need to care about the functions €; and ). The idea of the proof is
to reduce the problem to the gls case and then use the corresponding result for gl
(Theorem [20).

Let ut, u? € Qf, and k be an integer such that 1 < k < N — 1. Consider the
following variety (cf. [3.6):

(', 1)
={(t, X,F) | t € Mu (' [+]]), (£, F) € ME (| [+]1]), X € Sa((u', p?), 1)} .

See for the definition of M~ . The variety T% (u!, u?) represents glp-restriction
for the tensor product variety Ty(u',u?). One has the following commutative

diagram (cf. (B:6.a)):

(«EN(;U’17 MQ)
ek,
‘Ig(/-ﬂqu) ON
ok
Ny (|| + 112])

where &% forgets the k-th subspace in the flag F and 6% forgets the rest of the
flag. Given u € QF (|| + |1?|), and 7 € Z>o consider the following stratum in

TE (ut, p?):

fi(u, ‘ul, :L"Qa T) = {(ta X, F) € si(ﬂla ,LLQ) | dimF = u, ra‘nk(t|Fk+1/Fk—1) = T} .
The fiber of £¥ over a point in % (u, !, 2, r) is isomorphic to My (ug 1, 7) (cf. ZI).
Consider stratification of My (|u!|+ |¢?]) by GL(|pt| + |?|)-orbits {Ox}. The map
§% restricted to (6%)71(0,) is a locally trivial fibration with a fiber isomorphic to

the product of two Spaltenstein varieties Ga((u!, u?), \) and ML (u, A, 7) (cf. B6).
Hence T% (u, u', u?,r) is of pure dimension,

(3.10.a)  dim T (u, i, 2, 1) = ] 12|

1 . . .
+ 5(2 wu; +dim O, +dim Oz + dim Oy, 1))

i#]
and one has the following bijection
(3.10.b)  TE(u,p',pr) < L] S 42),2) x M (A7),

€O (I [+1p2))

where 7.} (u, u*, u?,r) is the set of irreducible components of T (u, ut, 2, 7).
Recall that the fiber of ¢% over a point in T (u,u!,u?,7) is isomorphic to
Mo (ugs1,7). Since

dim X% (pk (v), put, 12, 7) + dim My (v, Vi + Vi1, 7) = dim Ty (v, pt, 1?)
one has a bijection

(3.10.c) To(u' 1) & L] Tt p?r) x Ma(ues,r) .

ue QR (' |+n?))
r€ZL>0
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Combining (3.10.b) with ([3I0.d) one obtains a bijection
(3.10.d)

TN(N17M2) « |_| 82((:“17M2)7)‘) X Mﬁ(u,)\,r) X MQ(uk-i-lar) :
AEQRK (I 411 )
ueQy (' [+11°))
r€ZL>0
This bijection is the result of glo-restriction on the range of 7. In particular, the
operators € and fi act on the last multiple in the RHS of (3.10.d).
To carry out glo-restriction on the domain of 7y one has to forget the k-th
subspace of the flag F in all varieties in the diagrams[3.8.d and [3.8.dl The results
are the following commutative diagrams

bn
p2) < (v, b, i) = O, () x O, (12

pt
l §§\’7l vz’%xvz’%l
Ck k

N dy
V),/.L HU/Q) %Elk( (v)uuluu’Q) """""" > fmgf(/ﬁl) X i)ﬁgf(;ﬂ)

% xﬂ‘vl

Oul X OMQ

(3.10.¢) (v,

a b
T (v vt p?) === T (v VRt ) = D (v ) < I (v )

ck d®

Th(u' w2t 0?) =—— Tt et ) —— (a0t x D (u?, 1)

wKXWKl

Oul X OMQ

where u! = p¥(v!), u? = p¥(v?). In the above two diagrams the top rows are
copies of the top rows of diagrams[E8.d and B.8.d}

Th(ut,u?, pt, p?)

—{(t. X, F) € T (u', 4) | dim(F 1.X) = !, dim(F/(F N X)) = u?};

TE(ul,u?, pt, p?) (vesp. T (u, pt, pu?)) is the variety of triples (z, R, Q), where
r = (t,X,F) € T¢(ul,u? ut, p?) (vesp. = = (t,X,F) € T (u,pt, u?)), and R
(resp. Q) is an isomorphism X — clu'l (resp. C‘“l‘Jr"‘Q‘/X — (C'“Q‘);

the vertical maps are natural projections (forgetting the k-th subspace of the
flag F);

the maps c£ and d* are uniquely defined to make the diagrams commutative.
The map d¥ is regular only in the diagram (3.10.). Let

Th(u'?, pt p? ot %)
= {(taXaF) € sg(ulvu2aﬂlaﬂ2) | rank(t|Fk+1/ka1) =T

rank(t|(xamy 1)/ GenFe ) = 7 rank(t e, /(xR ) = 77
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and
kel o2 01 2 1 2 ky—1l/ck (1 2 1 2 1 2
To(u s, prrsr) = (ey) (TR (uh,ut o, pwr v, )

The set TX (ul, u?, pt, w2, vt 72, r) (resp. TE(ut,u?, ut, u?,rt 72, 7)) is a locally
closed subset in TX (u! + u?, pt, p2,7) (resp. TF(ut +u?, ut, pu?,r)).
The proof of the following proposition is similar to the proofs of Propositions 2.5

and 3.8

Proposition.

3.10.g. in the diagrams [B10.6) and [BI0J) the maps ay and cX are principal
GL(|ut|) x GL(|1?|)-bundles;

3.10.h. if rt 42 < r < min(ui_|r1 —-r? 4 7'1,u,1€_|r1 —rl 4+ 72), then the map d¥
restricted to T (ul,u?, pt, p? vt r2r) ds a locally trivial fibration over
IME(ul, b, rt) x k(w2 w2, r?) with a constant smooth connected fiber
of dimension

dim GL (")) + dim GL(]) + [ | + 3 b
i#]

+ (dlm O(u1

k+1+u%+1,7ﬂﬂ,) — dim O(“}wl*"l»’"l) — dim O(H%Jrl,rzﬂ,z)) s

1
2

otherwise T (ul,u?, ut, 2, vt r2,r) is empty.

It follows from [3-10.g and BI0:al that the variety 7% (u, pt, u?,r) has pure di-
mension,

(310.) dimT(u, u, 2, ) = dim GL(|p']) + dim GL(|u2]) + |12

1
+ 5wy +dim O, +dim Oz +dim Oy 1) »
7]

and the set of irreducible components of ¥'%(u, u!, 42, 7) is in a natural bijection
with TF(u, ut, 42, 7) (the set of irreducible components of T¥ (u, ut, u2,7)).

On the other hand it follows from 3100 B.61), and (BI0d) that the vari-
ety T#(ul,u?, pt, 42, v, 72, r) has the same dimension as T%(u! +u?, ut, 2, 7) (in
particular, the dimension does not depend on r!, 72, and u! — u?). Hence irre-
ducible components of % (u! +u?, u!, u2,r) are closures of irreducible components
of Tk (ul,u?, b, 42, rt,r2 r) and using B.I0. one obtains the following bijection:

(310§) Ti(wp'pr) o || Sal((hrr), (i, 7)), (e, 7))
ule QX (Iu'))
u?€QR (In?))
u1+u2:u
7"1,7“26220

x MY (ut, it rt) s M5 (1, r?)

where Sy(((u}q,7"), (ui 1,7%)), (Weg1,7)) comes from the fiber of d¥ (cf. the
inequality in
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Combining (3.10.]) with (B:10.D) one obtains a bijection

(3'10'1{) Tzlff : |_| 82(((u11c+1a rl)a (uiJrlarQ))a (uk+17 T))
u'eQR (In')
u?eQy (1)
u1+u2=u

1,2
T, r°€L>0

x ME(ut, ety x ME (0?42, r?)

= |_| 82((/-1’17/'[/2)7)‘) X Mi(u,)\,r) .
A€QL (Iut|+|p2))

Let ut, pu? € Qf, and v € Qun(|ut| + |u?]). Consider the following diagram of
bijections:

(3.10.1)
Id x 6%
/\eQK(\ll_tll\HuQ\) Sa((ph, 1), A) x My (v, ) =
TN
vlegl—l(\ﬂ) 1,1 2 2
V2EQN(‘I2|) MN(V )y K ) X MN(V y K )
v1+\1\/72:Mv
0% x 0k
1 . 1 k(o k(oly 1 .1 1 k(o1 1
V223N8“2B MN(pN(V )HU’ T )X MQ(Vkv(pN(V ))k-i—lvr )X
v1+52=uv Mﬁ(pg(VQ)vlLerQ) X MQ(Viv (pi(VQ))kJrlvrQ)
rt, rzezzo
(Id X Id X T2)0Pag
uleglgl(mll) Mt gty rt) x My (a?, 12, 72)
ur el (Iu?)) So(((wpyrs ), (uf 1. 72)), (PR (V) g1, 7)) %
l:1+:2 :TPE%S;) MQ(Vkv (pk (V))k+1 ) T)
TR x1d
o (HM . Sa(i', 1%), ) x ME (p (v), A, 1) x
J\;EAZLEO . MQ(Vk, (pi(v))k-i-lar)

where Ps3 is the permutation of the second and the third multiples in the direct
product. It follows from constructions of the bijections 7 and € (or, more precisely,
from comparison of the right squares in the diagrams BI0]) and (235.1))) that the
diagram (B3:I0.) is commutative.

The commutativity of the diagram (BI0.) together with Theorem implies
that the bijection 7, commutes with the action of the Kashiwara operators € and
fr- Therefore 7y is a morphism of crystals

v My (') ® My (%) = L] Sal! i), ) @ My(N) .
XEQR (It [+]p2])
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This concludes the proof of Theorem B.91

3.11. Corollary. The following proposition is a corollary of Theorem [3.91

Proposition. Let u, ut, and p? € Qf;. Then

3.11.a. the crystal My (p) is isomorphic to L(u) (the crystal of the canonical basis
of a highest weight irreducible representation with the highest weight p);
3.11.b. the cardinal of the set Sa((1ut, u?), \) is equal to the Littlewood-Richardson

: A
coefficient c .
wutp?

Proof. The proposition follows from Theorem B.9, Theorem [[L3] and Proposition
B.1 O

Remark. Note that is the Hall Theorem (cf. B3). Statement[311.al could be
deduced from the results of Ginzburg concerning gly-action in the top homology of
the variety My (u) (cf. [Gin91]).

3.12. Multiple tensor product and Levi restriction. There are two straight-
forward generalizations of the constructions of this section.

First, one can consider a more general tensor product variety Ty (ut,... , ul),
which corresponds to a product of [ polynomial representations of gly. A point of
this variety is a triple (¢, X, F) consisting of a nilpotent operator ¢, an [-step partial
flag X, and an N-step partial flag F, such that ¢ preserves both X and F and
when restricted to the subfactors of X (resp. F) gives operators with Jordan forms

ph, ..., ut (resp. 0 operators). In this way one can prove a generalization of the
Hall theorem, saying that the number of irreducible components of the Spaltenstein
variety &;((p!, ..., '), \) is equal to the multiplicity of the representation L()\) in

L(pt) ®...® L(ub).

Second, one can generalize the notion of gls-restriction. Namely forgetting sev-
eral subspaces in the flag F one can define restriction to a Levi subalgebra of a
parabolic subalgebra of gl,. In this way one would obtain a bijection similar to 7%
(cf. (BI0XK)) relating tensor products for gly and for the Levi subalgebra.
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